Nowadays, different kinds of experimental realizations of chaotic oscillators have been already presented in the literature. However, those realizations do not consider the value of the maximum Lyapunov exponent, which gives a quantitative measure of the grade of unpredictability of chaotic systems. That way, this paper shows the experimental realization of an optimized multiscroll chaotic oscillator based on saturated function series. First, from the mathematical description having four coefficients (a, b, c, d 1 ) , an optimization evolutionary algorithm varies them to maximize the value of the positive Lyapunov exponent. Second, a realization of those optimized coefficients using operational amplifiers is given. Herein a, b, c, d 1 are implemented with precision potentiometers to tune up to four decimals of the coefficients having the range between 0.0001 and 1.0000. Finally, experimental results of the phase-space portraits for generating from 2 to 10 scrolls are listed to show that their associated value for the optimal maximum Lyapunov exponent increases by increasing the number of scrolls, thus guaranteeing a more complex chaotic behavior.
Introduction
Chaos is a multidisciplinary research area that is being ubiquitous in all engineering areas, such as electronics, control, communication, and security. Basically, engineers are interested in the analysis, realization, and application of chaos [1] [2] [3] . For instance, in electronics we are interested in the realization of chaotic oscillators, in which mathematical descriptions have three main characteristics: a chaotic oscillator is sensitive to initial conditions, it is nonperiodic, and it is deterministic, because the coefficients of its mathematical description are known [4] . Further, a measure for quantifying chaos in dynamical systems is by computing the value of the Lyapunov exponents, from which one gets information on their grade of unpredictability [5] . That way, in continuous-time chaotic oscillators the number of state variables determines the number of Lyapunov exponents, so that for a third order dynamical system, the three Lyapunov exponents for generating chaos should be negative, zero, and positive. Similarly, higher order dynamical systems should possess at least one positive Lyapunov exponent to guarantee chaotic regime. The positive Lyapunov exponent is known as maximum Lyapunov exponent as well.
In current literature, one can find realizations of chaotic oscillators using different kinds of amplifiers and in some cases using integrated circuit technology, as listed in [6] . For instance, the authors in [7] have already implemented Chua's circuit to generate multiscroll chaotic attractors by using commercially available current-feedback operational amplifiers (CFOAs). For that multiscroll chaotic oscillator, its positive Lyapunov exponent was evaluated to verify that it was in chaotic regime. The novelty of that work was the introduction of a new circuit for realizing its piecewise-linear (PWL) function using CFOAs, where the parameters were computed systematically to implement symmetrical or nonsymmetrical PWL functions. However, in that work and in the very majority of the already introduced circuit realizations [6] , the value of the maximum Lyapunov exponent (MLE) is just evaluated but not optimized. Henceforth, this paper shows, by experiments, that multiscroll chaotic oscillators with optimal MLE can have a more complex chaotic behavior. In this manner, the optimization task to compute the MLE of a chaotic oscillator based on saturated nonlinear function (SNLF) series is performed herein by applying the differential evolution algorithm already introduced in [8] , and which basically searches for the optimal values of the coefficients of the mathematical description of the multiscroll chaotic oscillator. Further, the feasible solutions for the coefficients providing high values of the MLE are implemented using commercially available operational amplifiers to demonstrate that the optimized values have a more complex chaotic behavior than by using traditional values, as the ones given in [4] . Section 2 describes the generalities of the differential evolution algorithm applied in [8] and the procedure to compute the Lyapunov exponents [5] . Section 3 describes the mathematical model of the multiscroll chaotic oscillator that is based on SNLF series [4] , and the simulation of attractors generating from 2 to 18 scrolls is given using MAT-LAB and the circuit simulator SPICE. Section 3 also introduces the circuit realization using operational amplifiers. Section 4 demonstrates the realizability of the multiscroll The Scientific World Journal 3 Table 1 : Description of the SNLF for generating from 3 to 6 scrolls.
3-scrolls
The Scientific World Journal . The experiments show that the chaotic behavior is more complex when the MLE is optimized. As a result, the optimized chaotic oscillators can be synchronized [9, 10] to enhance applications like designing secure communication systems [4] . Finally, Section 5 summarizes the conclusions.
Optimization Method and Lyapunov Exponent

Differential Evolution Algorithm.
Heuristic optimization methods such as evolutionary algorithms are used to optimize problems having very big search spaces. For instance, in this paper the case of study is a multiscroll chaotic
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The Scientific World Journal oscillator (described in the following section), which has four coefficients , , , 1 . If the range of each coefficient is between 0 and 1, and by considering 4 decimals, then the search space, as mentioned in [8] , is very big; that is, it is 16 × 10 16 , thus justifying the use of heuristics. One pretty good heuristic method was introduced by Storn and Price in 1995; it was called differential evolution, which is quite useful for global optimization over continuous spaces [11] . The main characteristics of differential evolution algorithm for optimizing the MLE in chaotic oscillators are as follows. It converges faster than other evolutionary algorithms because the crossover operation is performed by selecting 3 fathers, and it depends on few parameters than, for example, genetic algorithms, thus augmenting its performance. Differential evolution algorithm keeps a population of candidate solutions that are recombined and mutated to create children that are evaluated by a fitness function, and then the best ones are selected, surviving for the next generation until generating feasible solutions selected from the Pareto front. The pseudo code and implementation details can be found in [8] .
Lyapunov Exponent.
Lyapunov exponents are asymptotic measures characterizing the contraction or growing rate of small perturbations on the solutions of a dynamical system, and they provide quantitative measures on the sensitivity response of a chaotic system to small changes in the initial conditions [5, 12] . Lyapunov exponents can be evaluated from the following expression:
where ( ; ) function is discretized in time, 0 , and parameters. If ( 0 ; ) > 0, then one can say that the dynamical system is in chaotic regime. Considering an -dimensional dynamical system of the form:̇=
where and are -dimentional vectors, then a system evolving from (2) in an -dimensional space will present a Lyapunov exponent that depends on the initial condition 0 . On the other hand, by using the Jacobian matrix one can determine the -Lyapunov exponents [12] , by evolving the small perturbations to a space trajectory described by [8] 
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Modeling the Multiscroll Chaotic Oscillator
In this paper, the case of study is the multiscroll chaotic oscillator based on saturated nonlinear function (SNLF) series [4] , which is described bẏ . (5) In (5) the SNLF series is scaled by ∝ to accommodate the magnitudes to the ones provided by commercially available electronic circuits. The SNLF is described by
This format to describe the SNLF is called piecewiselinear (PWL) approach, where the equivalent description for (6) is given by Figure 1 shows the SNLF for generating two scrolls. Its PWL description is given by Table 1 shows SNLFs and their corresponding PWL descriptions to generate from 3 to 6 scrolls. As one sees, the number of scrolls is the number of saturated plateaus. For Figure 6 : Realization of the SNLF using operational amplifiers.
The chaotic oscillator described by (5) can be designed as shown in Figure 4 , while its realization using operational amplifiers (opamps) is given in Figure 5 .
The SNLF can be implemented as shown in Figure 6 , where the number of opamps equals the number of scrolls to be generated minus 1. The term represents a shifted voltage, and the other parameters of the PWL functions are evaluated by
Simulating (5) in the circuit simulator SPICE, using the model for the commercially available opamp TL081, and the diagrams shown in Figures 5 and 6 , one can generate the attractors from 2 to 18 scrolls using the circuit element values shown in Table 3 and Figure 7 . Using (5), (6) , and (10) 
Experimental Results
The realization of the SNLF shown in Figure 6 is performed by using commercially available operational amplifiers like the TL081. Experimental results using the values of Table 3 lead us to Figure 8 , for generating from 2 to 10 scrolls. The SNLFs shown in Figure 8 are used to generate multiscroll chaotic attractors. In this case, the coefficients in (5) are optimized by applying the differential evolution algorithm described in [8] . For generating from 2 to 10 scrolls, Tables 4 and 5 1 having a high value for the (positive) maximum Lyapunov exponent (MLE). In all cases, = 10 and ℎ = 2.
As one sees in Table 4 , using the traditional values of = = = 1 = 0.7, the value of MLE is small compared to the other optimized values. Table 5 From these experimental results, one can infer that the value of the MLE increases just by increasing the number of scrolls. More important is that the chaotic behavior becomes more complex when the MLE is optimized. That way, not only chaotic synchronized systems [9, 10] can become be more robust but also other complex systems like hyperchaotic systems [13] and with more directions [14] (2D, 3D, etc.) it may be improved using optimized multiscroll chaotic oscillators.
Conclusion
The experimental realization of a multiscroll chaotic oscillator based on saturated nonlinear function (SNLF) series has been presented. Its (positive) maximum Lyapunov exponent was optimized and the feasible solutions (combinations) of the coefficient values for , , , 1 were ranked and listed in Tables 4 and 5 . The multiscroll chaotic oscillator was implemented with the commercially available operational amplifier TL081, and the values of the circuit elements were listed along with the values for the SNLF in Table 3 . In addition, SPICE simulations were presented in Figure 7 to generate from 15 to 18 scrolls, and experimental results were given for generating 2, 3, 5, 7, and 10 scrolls in Figures 9, 10 , 11, 12, and 13, respectively. As a conclusion, the optimized coefficients , , , 1 were realized with precision potentiometers to generate the attractor, which showed more complex chaotic behavior as the maximum Lyapunov exponent increases. Another interesting conclusion is that the value of the maximum Lyapunov exponent is higher when the number of scrolls is increased, meaning that the more scrolls are generated, the more the guarantee of chaotic regime. 
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